High-Dimensional Expansion of Product
Codes is Stronger than Robust and
Agreement Testability

G.V. Kalachev*

We study the coboundary expansion property of product codes called
product expansion, which played a key role in all recent constructions of
good qLDPC codes. It was shown before that this property is equivalent
to robust testability and agreement testability for products of two
codes with linear distance. First, we show that robust testability for the
product of many codes with linear distance is equivalent to agreement
testability. Second, we provide an example of the product of three codes
with linear distance that is robustly testable but not product expanding.
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1. Introduction

Recent constructions of asymptotically good locally testable codes (LTC)
and quantum LDPC (qLDPC) codes [1-7] use a special property of product
codes that has several names and definitions: robust testability, agreement
testability, and product expansion. It was shown [2, Lemma 2.9], [8, Lemma
1] that these definitions are essentially equivalent in the case of the product of
two codes. For all known constructions of good qLDPC codes, this property
is necessary to get the linear distance and efficient decoders for them. For
LTCs there is one exception: in [9] the construction of LTC codes is based on
one-sided lossless expanders and does not require local codes that satisfy a
specific property.

In [8, Appendix B] it was shown that product expansion can be understood
as a form of high-dimensional expansion called coboundary expansion'. Thus,
it seems to be an important property of the product code, as well as robust
and agreement testability. Moreover, as product expansion is a form of high-
dimensional expansion, it is likely to be useful to construct high-dimensional
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analogs of codes from [1,2] which could potentially give good quantum locally
testable codes (qLTC).

In 8, Lemma 1] it was also shown that product expansion for a pair of
codes coincides with agreement testability with the same constant (see also
[3, Section 2.6]). The goal of our paper is to clarify the relation between robust
testability, agreement testability, and product expansion for the product of
more than two codes. In particular, we consider a natural generalization of
agreement testability for the product of multiple codes and show that in the
case of the product of 3 or more codes: 1) product expansion is different from
robust and agreement testability; 2) agreement testability is equivalent to the
robustness of the axis-parallel line test up to a constant factor.

1.1. Product expansion

Here we give the definition of product expansion from [8|. The history and
relation with other forms of this definition can also be found in [8]. Given
linear codes Cy,...,Cy, over Fy we can define the (tensor) product code

CL @ ®C = {c € T | Vi € [m] VI € L;: clg € Ci},

where [Fj1>"m is the set of functions c: [n1] X - -+ X [nm] — Fg and £; is the
set of lines parallel to the i-th axis in the m-dimensional grid [n1] X - - - X [ny,],
ie.,

Li={A1 % x Ay C[m] x - X [nm] | A =[], V5 # 00 |A;] = 1}

Throughout the paper we use notation [n| := {1,...,n}. For a collection
C = (Ci)igpm) of linear codes over Iy, for convenience, we will use notation
RKC:=C1 R RCpy.

As in [8], for linear codes C; C Fyt, C2 C IFy? we denote by C1 HCy the code
(CT ®Cy)t =CL@F2 +F @ Cy C F*"2. Given a collection C = (C;)iefm)
of linear codes over F,, we can define the codes

CD=F1@ - 0Co  @Fm={cec FV"" |Vic L;: d € C}.
It is clear that
Cl®  @Cp=CVN...ncM), CiH.-..-BC,=CY +...4¢cm,

Note that every code C() is the direct sum of |£;| = n% [Ljepm)ny copies of
the code C;. For z € Fy***"m we denote by |z|; and ||z[|;, respectively, the
number and the fraction of the lines ¢ € £; such that x|, # 0. It is clear
that [|z]; = ﬁ]w\z By |z| and ||z|| we denote, respectively, the Hamming
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weight (i.e., the number of non-zero entries) and the normalized Hamming
weight (i.e., the fraction of non-zero entries) of x. Clearly, introduced norms
satisfy the inequality ||z|| < ||z||;, ¢ € [m]. We will also use the following
notations: the normalized distance 0(z,y) := ||z — y||, the normalized distance
to code §(x,C) := minyec || — y||, and the normalized minimum distance
§(C) = mingee\foy ||z|| for a code C C Fy.

Definition 1 (Product-expansion [8]). Given a collection C = (C;)ie[m of
linear codes C; C Fy?, we say that C is p-product-ezpanding if every codeword
ceCyB---HBCy, can be represented as a sum ¢ =)
for all i € [m] and the following inequality holds:

p Y llaills < lell- (1)
i€[m]

We denote as p(C) the maximal p such that C is p-product-expanding. In
[8, Appendix B] it was shown that p(C), up to the constant factor 1/m, is
equal to the Cheeger constant of the chain complex naturally associated with
the product code C1 ® - -+ ® Cpp,.

ic[m] %> where a; € C()

1.2. Robust and agreement testability

Let X be some finite index set, which we will use to enumerate symbols of
the code. So, a code C C Fé( is a set of functions f: X — 4. If I C X, then
Clr :={c|r | ¢ € C} is punctured code C consisting of restrictions of codewords
from the code C to the index set I.

Definition 2. A test for a code C C Ff is a set T' C 2% equipped with a
probability measure P on it.

In this paper, we will always use the following probability distribution:
1
> ser 1l

The tester for the pair (code C C FX and a test T) works as follows:
for a given word ¢ € Fé( we randomly choose a set I € T and accept c¢ if
c|lr € C|r and reject otherwise. Thus, if ¢ € C, then any tester accepts it with
probability 1.

P(I) for Ie€T. (2)

Definition 3 (Test robustness). The test T for a code C C Ff is a-robust if
for all c € Fé( we have

E 5(0’176|1) > OC(S(C,C),
1eT

where E denotes expectation.
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Let us define the maximal robustness:
pr(T,C) := max {« | Test T is a-robust for the code C}.

Usually, when the code C is defined by a set of local codes, the natural test
contains supports of all these local codes. For example, product code C; ® Co
can be defined by local codes on axis-parallel lines of the set X = [n1] X [ng]:

C®Cy= {f e FlmIxnal | (. §) € ¢ for j € [no], f(i,-) € Co for i € [nl]} .
Thus, the natural test for the code C; ® Cs is the set of all axis-parallel lines:

T=L1ULy ={[n] x {5} [ j € [n2]} U{{i} x [na] | i €[]},

and P defined in (2) corresponds to the following procedure: choose a random
direction, then choose a random line along this direction. This test is called
the axis-parallel line test. For the product of m > 3 codes, there exist
different natural tests, since we can consider axis-parallel subspaces of different
dimensions from 1 to m — 1. The following definition gives a straightforward
generalization of the 2-flat test from [10, Algorithm 12.2].

Definition 4 (Axis-parallel k-flat test). Let X = [n1] X+ X [ny,], k € [m—1].
Then, the azis-parallel k-flat test is defined as the set T,]fl of all k-dimensional
axis-parallel subspaces (k-flats) in X:

hx)= |J £Ln
1€ m] 1=k

le{Alx---xAmg[nl]x~~><[nm]‘VjEI:Aj:[nj],
VjE[m]\I:|Aj|:1}.

We will omit the argument of T,]fl where it is not important or is clear from
context.

Here we follow the terminology of [10]. The test T) is the standard
axis-parallel line test, 7). is its multidimensional version, and T~ ! is
the azis-parallel hyperplane test. In [10, Theorem 12.5] it was shown that
pr(T2,C%™) > a(6(C), m) for m > 3 and some function? a(e,m) > 0. This
result shows that the requirement of constant robustness of the test 72 for a
family of codes (C{™);ey is equivalent to the requirement of linear minimum

2From the proof of [10, Theorem 12.5] it follows that a(e,m) = ez(m=2)(m+3) 9y 2-m
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distance of codes in this family: 6(C;) = (1) as i — oo. So, the only test that
gives a non-trivial requirement on the code C is the axis-parallel line test T}.,.
The test T}, can be considered as the composition of tests T2 for C¥™ and
T} for C®2. As will be shown more formally in Lemma 5,

pT(TrlrL7C®m) = pr(TSwC@m)pr(TzlaC@z)a

that is, the constant robustness of T}}, for C¥™ is equivalent to the constant
robustness of Ty for C®? if §(C) = Q(1).

The following definition of agreement testability for the product of several
codes is a straightforward generalization of agreement testability for the
product of 2 codes [2, Definition 2.8|.

Definition 5 (Agreement testability for product code). Let C = (Cy,...,Cp,)
be a collection of codes. Product code ®C is a-agreement testable if for each
c1 €CY ... e e C™ there exists ¢ € ®C such that

a E |le;—cli < E]H%—%W

1€[m] 1,j€[m

where the uniform distribution on [m] is assumed. Let us define the maximal
agreement testability:

pa(®C) := max {«a | product code ®C is a-agreement testable} .
Note that p,(®C) < 2, since for all ¢ we have ||c;—c;|| < |lci—c||+][¢;—c|| <
lle = elli + e — el

Lemma 1 (Robust testability + Linear distance = Agreement testability).
Let C = (C1,...,Cm) be a collection of codes C; C Fyi, pp := or(T}, 2C),
pa = pa(®C). Then

1 Pr

Pr 2z 3 Pa Pa pr+1irél[;1n] (Ci)

The proof is given in Appendix 3. It is essentially the same as the proof
for the product of two codes |2, Lemma 2.9]. From Lemma 1 we see that
robust and agreement testability are essentially the same. Our main result is
that product expansion of a collection of codes is different from robust and
agreement testability of the product of these codes.

Theorem 1. Let Cy be the primitive Reed-Solomon [ny, ] code over the field
Fy2t defined by the check polynomial (x — 1)(x —w)...(z — w%_l), where
teN, ny =22 — 1, wis a primitive element of Foze. For each m > 3 there
exist a, > 0 and oy > 0 such that for all t € N the following inequalities hold:
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1
1. p(Ctv-"7Ct) < —;
— i
m times

2. po(TE,CF™) > oy for all k € [m — 1];
3. pa(CP™) = ay.
Moreover, product expansion implies robustness of the test T}, for C¥™.

Proposition 1. Let C C Fy and m > 2. Then there exists a function a such
that a(x) > 0 for x > 0 and
or(TL,C5™) > a(p(C, ..., C)).
~———

m times

This proposition together with Theorem 1 shows that the product ex-
pansion property imposes a stronger constraint on the code C than robust
testability. Theorem 1 and the Proposition 1 are proved in the next section.

2. The proofs

Let us fix ¢ € N and consider the primitive Reed-Solomon [n, k] code C' over
the field Fy, where ¢ = 22t 'n = q—1, and k = n/3. This code can be defined
by the check polynomial p(z) = (z — 1)(z — w) ... (z — w*™1), where w is a
primitive element of Fy:

C = {(a)is € F;

n—1
p(z) Zaimi =0 mod (z" — 1)}
=0

First, we will show that p(C,C,C) < 1/n.

First, let us describe the dual of the product of cyclic codes in terms of
check polynomials. Consider cyclic codes Cy, . .., Cr, € Fy defined, respectively,
by check polynomials p1, ..., pn € Fg[z] such that p;|(z" — 1):

Ci = {(a)) € Fy

n—1
pi(x) Z a;z' =0 mod (2" — 1)}
1=0

= {a € Fylz] ‘ dega < n, pi(x)a(z) =0 mod (z" — 1)}

Here for codes C; C Vi, Co C V5 we say that C; = Cy if there is a linear
isomorphism ¢ : Vi — V5 preserving the Hamming distance® such that
@(Cl) = CQ.

3Distinguished bases in Vi, Vo are necessary to define the Hamming distance and the
minimum distance of C1, Cz2. In the space of polynomials of degree at most k the distinguished
basis is {1, z,...,z"}.
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Lemma 2. Let C =C;H---HC,,. Consider the ideal
IT=(ay—1,...,2p —1) CFx1,...,zn]
Then

C:{a € Fylz1,..., 2] |deg,,a < n for all i € [m]

and a(x1,...,Tm) le(:cl) =0 mod I}.

=1
Proof. For a polynomial p(z1,...,xy) define
P (21, o) =l 2 mod 7.

Since p;(x) is a check polynomial for C;, then pf(x) is a generator polyno-
mial for CZ»J-, ie.

= {pf(z)q(m) } degg < n — degpi} = {a € Fylz] ‘ dega < n and pﬂa}.
Hence, the tensor product of Ci-, ... ,CTJ;L is generated by the polynomial
pi(1) - pr(Tm) € Fq[xh ey T
namely:
Ci®--®Ct= {a € Fylw1,...,xn] | deg,, a < n and pj(z;)|a}.

Therefore, (pi(x1)---pk,(zm))* = pi(z1) - - - pm(Tm) is a check polynomial for
Clfe---aChHt=Cc8---BCph. O

Lemma 3. Let C be the primitive Reed-Solomon [n, k| code over the field IF,
defined by the check polynomial p(z) = (z — 1)(z — w) ... (z — w*1), where
q=2% n=q—1,k=n/3. Then

p(C,C,C) < 1/n.

Proof. A codeword of the code C'H C'H C can be defined as a polynomial
f(z,y, z) such that

f(@,y, 2)p(@)p(y)p(2) =0 mod (z" —1,y" —1,2" - 1).

Consider the polynomials

n—1ln—1n—1

(@.y,2 Z Z Zazﬂx 2, and  a(z,y, 2) = d (z, w0 Ry, w2,

i=0 j=0 1=0
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where

, 1, i+j4+1=0 modn
@ij1 = .
0, otherwise.

First, we will show that a is a codeword of the code C HHC H C. We need to
show that

CL(JZ, Y, z)p(m)p(y)p(z) =0 mod (xn - 17yn - 17 2" = 1) (3)

Consider the polynomials

, 3kl ‘ L 21
r(z) = p(w'z) [[@—w),  s(@)=pwz) =™ [T (@—w)
i=2k i=k

We have

—2k

a(z,y, 2)p(x)p(y)p(z) = d'(z,w Fy,w H2)p(z)r(w Fy)s(w2), w" =1,

hence by the replacement y + w™*y, z — w™2*2 the condition (3) can be
rewritten as

a'(z,y,2)p()r(y)s(z) =0 mod (2" —1,y" —1,2" — 1). (4)
Since w is a primitive element of F,, we have

n—1
p(x)r(z)s(z) = &uj’fi H(iL‘ — W) =z2" - 1.
=1 =0
Let p(x) = Y0 pia?, r(z) = S0 mat, s(x) = 32774 siat. From
p(z)r(z)s(z) =0 mod (z" — 1)

we have

:i Z pirisiz? = Z pirjs; =0 for all d < n — 1.

=0 i+j+I=d i+j+l=d
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Therefore, modulo (z" — 1,y" — 1,2" — 1) we have

n—ln—1n—1 n—1n—1n-—1

I § : l § :

a(x,y,z)p( ZZ xy Z ZZ Pi—i'Tj—5: 81— l’al/Jll’
=0 7=0 =0 =0l'=

n—1n—1n—1
= Z Z Z xiyjzl Z Pi—i'Tj—j' S
=0 j=0 1=0 i/4+4/4+1'=0 mod n
n—1n—-1n-1
= Z xiyjzl Z pi//Tj//Slu
=0

i=0 j=0 i 4§/ +1"=i+j+1 mod n

=0
=0.

In the last line we used the substitutions ¢ :=7 — 4/, j” := 5 — 5/, 1" =1 -1,
where all indices are considered modulo n. Thus, (4) holds, hence (3) holds,
therefore a is a codeword of C B C H C by Lemma 2.

By definition, |a| = n2. Suppose a = a; + az + a3, where a; € CeF; ®F,
az € F@C®Fy, az € Fy@F;®C. Since each axis-parallel line in the cube [n ]
covers only one non-zero element of a;j;, we have |a1|1+|az|2+|asls = |a| = n?.
Taking into account ||al| = n—13|a| =L all; = #|ai|i, we obtain

n?

1
> lailli = o) > laili > 1 =nlal.

1€(3] 1€(3]
Therefore, p(C,C,C) < 1/n. O

Lemma 3 just proved shows that product expansion of the triple (C, C, C)
tends to zero as code length n — oco. Now let us combine known results to
show that all tests T)¥ are constantly robust for the code C®™ and k € [m —1]
as n — oo. First, we will show that the test Ty is robust for code C' ® C'. Let
us reformulate the theorem about robust testability of Reed-Solomon codes
from [11] for our case.

Theorem 2 (Theorem 9 in [11]). Let F be a field, let X = {x1,...,zn} CF,
and let Y = {y1,...,yn} CF. Let R(x,y) be a polynomial over F of degree
(d,n) and let C(x,y) be a polynomial over F of degree (n,d). If

P(x,y)EXxY {R(:C>y) 7é C(x7y)} < 7—21

and n > 21n + 2d, then there exists a polynomial Q(x,y) of degree (d,d) such
that

P(x,y)EXXY {R(Zﬂ,y) 7é Q(ZE?y) or C($,y) ?é Q($,y)} < 27_2‘
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Lemma 4 (Corollary of Theorem 2). Let C' be the [n, k] primitive Reed-
Solomon code over Fy defined by the check polynomial (z —1)(x —w) ... (x —

Wk, wheren = q—1, k <n/2, and w is a primitive element of F,. Then
Jor each ¢y € C@Fy, co € Fy @ C if

1 k\?
5(01762)< <2_n) )

d(c1,C®C) < 20(ct, c2), d(c2,C & C) < 26(cy, c2).

then

Proof. Using discrete Fourier transform [12, Theorem 6.1.5], it is not hard
to show that each codeword ¢ € C can be defined as the vector of val-
ues of some polynomial p. € Fy[z] of degree at most d = k — 1 at points

Lw w2 . . W
We will use Theorem 2 for X =Y = {l,w,...,0w" Y}, d=k—-1,7€1,
where I is the interval (1/6(c1, c2), 3 n) Slnce §(c1,c0) < 5 — % <i- %,

the interval I is not empty.

Each codeword ¢; € C ®@ Fy (resp., ¢z € Fy ® C) is defined by the vector
of values on X x Y of some bivariate polynomial p., (z,y) of degree* (d,n)
(resp., pey (2, y) of degree (n,d)). For ¢,c’ € Fyy @ F we can interpret d(c, ')
as P(m,y)EXXY {pc(xa y) # e (.T, y)}

Since 7 € I, the conditions of Theorem 2 hold. Applying this theorem to
Pe, and pe, there exists p. of degree (d, d) such that

Puyexxy {pe (#,y) # pe(x,y) or pe,(x,y) # pela,y)} < 277

The corresponding word ¢ belongs to the product code C'® C, since the degree
of p. in each variable is bounded by d. Therefore, we have

6(Cla C® C) < 5(6176) = P(z,y)EXXY {]%1 (:an) # pc($7y)} < 27-2'

Taking the infimum over all 7 € I, we have d(c1, C®C') < 26(c1, ¢2). Similarly,
5(CQ,C®C) <26(61,CQ>. O

Corollary 1. p.(T4,C®C) > %

Proof. Consider a word x € IFZX”. Let ¢; and ¢y be the nearest words to x
from C ® Fy and Fy ® C, respectively. Let a := §(z,c1) + d(x, c2). We want
to show that

§(z,C®C) <36 (0(z, COFy) +6(x,Fy @ C)).

“We say that a polynomial p(z,y) has degree (a,b) if it has degree at most a in = and
degree at most b in y
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By definition of ¢; and ¢z we have §(z, c1) = d(z, C®@Fy), §(z,c2) = 0(x, Fy @
('), hence we need to prove that

d(z,C®C) < 36a. (5)
If & > 4, then (5) holds. Now consider the main case o < 5. Since C is
[n, k] code with k& = n/3, in this case by the triangle inequality we have
0(cr,e2) < % = (% — %)2 Hence, by Lemma 4 we have

iz, C@C) <d(x,c1)+(c1,CRC) < a+20(cq,c2) < 3a.
Thus, in this case (5) holds as well, and the proof is complete. ]

Lemma 5 (Robustness of test composition). Let C C Fy and 1 < ki < k2 <
m. Then
pr(Tot,CE™) = pr(Th2,C¥™)p, (T}, CE2).

Proof. Let us fix z € (F?)®™. For cach k € [m — 1] and 7 € T} we have
C®™M|, = C®* hence

E 6(z|r,C®|x) = E 6(z|r,C®F).

meTk neTk,

Therefore,

8(x,C¥™) pr (T2 ,C¥™) pp (T3, CFF2) < E 8(x|x, C¥F2) py (T}, C¥F2)
TET
< E E  6(z|p,C®") = E (x|, C%).

TI'ET::? TF,GT:; (m) TF’ETJ:LI
O

Lemma 6. Let C C Fy, m > 2. Denote M := $(m—2)(m+3) =3 k.
Then for k' € [m — 1] we have

pr(TE,CO™) > (T3.C%2%) - 5(C)M.

19m—2 “Pr
Proof. If m = 2, then the lemma is trivial. Therefore, in what follows we
consider the case m > 3. From [13, Theorem 2.6] we have a lower bound on
robustness of axis-parallel hyperplane test:

_ 1
pr(TE1,C5F) = —5(C)" (6)
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If ¥’ > 2, then applying m — k' times Lemma 5, we obtain

pe(Th C¥™) = [T pr(TE 1 Ch)

k=k'+1
1 Zm_ , k 1 M
> W.(S(C) k=k'+17 > W.g(c) .

For T, applying the last inequality with k' = 2 and Lemma 5, we have

1

pr(Tr%wC@m) > pr(Tzlac(X)Q)pr(Tng@m) > 19m—2 " Pr

(T3,C%%) -6(C)™. O
Now we are ready to prove Theorem 1 and Proposition 1.

Theorem 1. Let Cy be the primitive Reed-Solomon [ng, ] code over the field
Fo2 defined by the check polynomial (x — 1)(z — w) ... (z — w%_l), where
teN, n; =22 — 1, wis a primitive element of Foze. For each m > 3 there
exist ap > 0 and ag > 0 such that for all t € N the following inequalities hold:

1
L. p(Ct7"'7Ct) < —
N u
m times

2. po(TE,CZ™) > o, for all k € [m — 1];
8. pa(CE™) = ay.

Proof. Claim 1 of the theorem follows from Lemma 3 and [8, Lemma 11]:

P(Ct, L) Ct) < p(Ct) Ct7 Ct) < 1/nt
———

m>=3 times

Claim 2 of the theorem follows from Lemma 6 and Corollary 1. Recall
that Cy is [ng, %, 2ny + 1] Reed-Solomon code, therefore §(Cy) = 2 + n%

1
Put oy 1= —pmmy - (%)5(m_2)(m+3). By Lemma 6 and Corollary 1 for all

k € [m — 1] we have

1
12m—2
1 1 9 %(m—Q)(m—l—B)
Z 7y 1w <3>

pr(TE,CE™) > p,(T), CE?) - L §(Cy)2 =2 0m+3)

= Q.

Claim 3 of the theorem with o, := %lf—aT follows from Claim 2 and Lemma 1.
O
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Proposition 1. Let C C Fy and m > 2. Then there exists a function a such
that oz )>0f0rx>0 and

pT(Tg’wC@m) > a(p(C, R 7C))

m times

Proof. Let p:=p(C,...,C). The proof is the sequence of following steps.
———

m times
e By [8, Lemma 11| we have p(C,C) > p and §(C) = p(C) >
e Using [8, Lemma 1], we obtain p,(C®2?) > p(C,C) > p.
e From [2, Lemma 2.9] we have
C®2) p 1
T},c2%) > Pal > > p.
o2 C) 2 501 paee®) 2 2+ 1) ~ 4
e Finally, by Lemma 6 we have

m—2
(Tl C®m) (112> pr(T21aC®2) . 5(0)%(m72)(m+3)
1 1 1
>_ = . Z,.p3(m=2)(m+3)
Z agm2 P '

Thus, we obtain the required inequality with

1

ﬁp%(m—m(m-‘ri’))-‘rl.
4.12m=

a(p) =

O]

3. Relation between robust and agreement testability

In this section, we prove Lemma 1, which states that robust and agreement
testability are the same up to a constant factor for the axis-parallel line test
T}, for product codes.

Lemma 1 (Robust testability + Linear distance = Agreement testability).
Let C = (C1,...,Cm) be a collection of codes C; C Fyi, pp := or(T}, ®C),
Pa = pa(®C). Then

1 Pr

Zloaa Pa >

min 6(C;).

>
Pr pr + 1 ic[m]
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Proof. 1. Agreement testability implies robust testability. Consider
arbitrary x € Fg1>"m. Let y; := argmin o) ||y — 2| for all ¢ € [m]. There
exists z € ®C such that

pa E ]Hyi_ZHi < E ]Hyi — yjll-

i€[m i,j€[m

Denote dy := Egeqn 6(x]e, ®C|r). We have

do= E Eo6lnC)= E 0@CY)= E oyl

i€[m] LeL; i€[m] i€lm
Hence
1
|z =z < E (o —will + lyi —2l)) <da+— E |lvi —y;ll
1€[m] —— Pa i,j€[m]
<lyi—2|l:
1 2 4
Pa 1€[m)| Pa Pa

Therefore, p, > py/4.
2. Robust testability implies agreement testability. Consider arbi-
trary words ¢; € C% for i € [m]. Let

ip :=argmin E (¢, cj).

ic[m] J€[m]
Thus we have
E lcip —¢ll< E e =gl (7)
JEIM i,jJEM

Since the test T)}, is p,-robust for ®C, there exists ¢ € ®C such that

prllcic —cll < E O(ciyle»®Cle) = E 6(ciy, C9)) <
LETL

m JE[m]
< E ey —¢ll < E lei—cll- (8)
J€[m] i,j€[m

Let 0x := min;e, 0(C;). Fori € [m], x € €% we have §(C;)||z||; < ||z||. Hence,
applying the triangle inequality, followed by (7) and (8), we get:

0 E flei—clli< E les—cll <lleiy —ell+ E les —cipll <
i 1€[m]

i€lm i€[m
1
<(1+5) E la-sl
Pr /) ije[m]

Therefore, po(®C) = 0.(1 + p%)_l. O
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